Energy levels of a parabolically confined quantum dot 
in the presence of spin-orbit interaction 
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We present a theoretical study of the energy levels in a parabolically confined quantum dot in 
the presence of the Rashba spin-orbit interaction (SOI). The features of some low-lying states in 
various strengths of the SOI are examined at finite magnetic fields. The presence of a magnetic field 
enhances the possibility of the spin polarization and the SOI leads to different energy dependence 
on magnetic fields applied. Furthermore, in high magnetic fields, the spectra of low-lying states 
show basic features of Fock-Darwin levels as well as Landau levels. 

PACS numbers: 72.15.Lh,71.70.Ej, 73.63. Hs 



I. INTRODUCTION 

The state-of-the-art material engineering and nano- 
fabrication techniques have made it possible to realize 
advanced semiconductor devices at atomic scales, such 
as quantum dots in which the electron motion along all 
directions is quantized and conducting electrons are con- 
fined within the nanometer distances. In such a system, 
few electrons are confined within a point-like structure so 
that it can behave as an artificial atom and, consequently, 
be used as electronic and optical devices such as memory 
chip Q, quantum computer 0Jl,0,|i|, quantum cryptog- 
raphy 6], quantum-dot laser p|, etc. In recent years, the 
electronic, transport, optical and optoelectronic proper- 
ties of spin-degenerate quantum dots have been inten- 
sively investigated. 

On the other hand, the progress made in realizing 
spin polarized electronic systems on the basis of diluted 
magnetic semiconductors and narrow-gap semiconductor 
nanostructures has opened up a field of spin-electronics 
(or spintronics) . As has been pointed out in a good re- 
view edited by Wolf and Awaschalom due to unique 
nature of the SOI in electronic materials, quantum trans- 
port of electrons in a spin polarized system differs fun- 
damentally from that in a spin-degenerate device. Thus, 
the spin-dependent effects can offer new mechanisms and 
schemes for information storage and for increasing the 
speed of data processing. As a result, the electronic 
devices, such as spin-transistor @, spin- waveguide [To| . 
spin-filter [nj, etc., have been proposed. Moreover, op- 
tical methods for injection, modulation and detection of 
spin polarized electrons will eventually become the target 
for the development of spin polarized nano-optoelectronic 
devices. At present, one of the major challenges for 
the application of the spintronic systems as working de- 
vices is to optimize the spin life times of the carriers 



in the devices. It has been realized that in contrast to 
the diluted magnetic semiconductors in which the SOI 
is induced by the presence of an external magnetic field, 
spin splitting of carriers can be achieved in narrow-gap 
semiconductor nanostructures even in the absence of the 
magnetic field. Experimental data have indicated that 
in narrow-gap semiconductor based quantum wells, such 
as in InAlAs/InGaAs heterostructures, the higher-than- 
usual zero-magnetic-field spin splitting (or spontaneous 
spin splitting) can be realized by the inversion asymmetry 
of the microscopic confining potential due to the presence 
of the heterojunction [l^. This kind of inversion asym- 
metry corresponds to an inhomogencous surface electric 
field and, hence, this kind of spin-splitting is electrically 
equivalent to the Rashba spin-splitting or Rashba effect 
[13( . From the fact that InGaAs-based quantum dots are 
normally fabricated using InAlAs/InGaAs heterojunc- 
tions, one would expect that the Rashba spin splitting 
can be observed in these quantum dot systems and spin 
polarized quantum dots can therefore be achieved. Prac- 
tically, the spin-split quantum dots can be made from, 
e.g., an InAlAs/InGaAs heterostructure with a negative 
bias applied to the side gate [l4|. 

In contrast to a spin-split quantum well structure 
in which the Rashba effect can be easily identified by, 
e.g., the magnetotransport experiments via measuring 
the Shubnikov-de Hass (SdH) oscillations [T5. fl5| . the 
spintronic effects in a quantum dot cannot be easily ob- 
served using conventional transport measurements. Nor- 
mally, optical measurements, such as optical absorption 
and transmission [16j, cyclotron-resonance [17|. etc., can 
be used to determine the energy spectrum of a quantum 
dot. Although recently there are some theoretical work 
published regarding the Rashba effect i n q uantum dots 
in the presence of magnetic fields 0,0, H(|, the effect of 
the SOI on energy spectrum of a quantum dot has not yet 
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been fully analyzed. It should be noted that in Ref. ITU 
the SOI was taken as a perturbation. In order to under- 
stand how SOI affects the energy levels of a parabolically 
confined quantum dot, we feel that more theoretical work 
is needed and it is the prime motivation of the present 
work. In this paper, we present a tractable approach to 
calculate energy spectrum of an InGaAs-based quantum 
dots with the inclusion of SOI induced by the Rashba 
effect. We would like to examine the important and in- 
teresting consequences such as the exchange of the energy 
states due to SOI and the enhancement of the spin po- 
larization by the presence of the magnetic fields. 

In Section II the theoretical approach is developed in 
calculating the electronic subband structure of a parabol- 
ically confined quantum dot in the presence of SOI and 
a magnetic field. The numerical results are presented 
and discussed in Section III and the conclusions obtained 
from this work are summarized in Section IV. 



II. APPROACHES 

The device system under investigation is a typical 
quantum dot formed on top of a narrow-gap semicon- 
ductor heterojunction (such as an InGaAs/InAlAs-based 
heterostructure) grown along the Z-direction, and the 
lateral confinement is formed in the XY-plane. A per- 
pendicular magnetic field B is applied along the growth- 
direction of the quantum dot. We consider the situa- 
tion where the SOI is mainly induced by the presence 
of the InGaAs/InAlAs heterojunction due to the Rashba 
effect. In such a case, the lowest order of the SOI can 
be obtained from, e.g., a k • p band-structure calculation 
[l2|. It should be noted that when the SOI is induced 
by the Rashba effect due to the presence of the hetero- 
junction and when the magnetic field is applied along the 
Z-direction, the electronic subband structure along the 
growth-direction (or the Z-axis) depends very little on 
the SOI. Therefore, under the effective-mass approxima- 
tion, the electronic structure along the AY"-plane and in 
the Z-direction in a quantum dot can be treated sepa- 
rately. Including the contribution from SOI, the single- 
electron Hamiltonian describing the electronic system in 
the AF-plane can be written as 



H 



-L-(p-eA) 2 + ^[ax(p-eA)} z + V c (r), (I) 
Zm h 



where the Zeeman term is neglected for simplicity. Here, 
m* is the electron effective mass in the AY-plane, p = 
(px,Py) with px = —ihd jdX is the momentum oper- 
ator, A = (Y, —X, 0)5/2 is the vector potential induced 
by the magnetic field which is taken in the symmetric 
gauge here for convenience, and V c (r) is the confining 
potential of the quantum dot along the AK-plane with 
r = (X 2 + y 2 ) 1 / 2 . Furthermore, a is the Rashba param- 
eter which measures the strength of the SOI. Due to the 
Pauli spin matrices 3 — (gxtVy-,oz)i this Hamiltonian 



is a 2 x 2 matrix. After rewriting this Hamiltonian in the 
cylindrical polar coordinate, we find that the solution of 
the corresponding Schrodinger equation is in the form of 
^(X, Y) = e lme ip(r), where m is a good quantum num- 
ber and 9 is an azimuthal angle to the A-axis. Thus, the 
eigenfunction ip(r) and eigenvalue E of the system can 
be determined by solving 



with 



Hn = - 



H a - E 
-e i9 H_ 



2m* \dr 2 



e 

Ho 



j H + 

-E 



ipx (r) 



= 0, 



(2) 



1 d \ m 2 m . 



and 



H± = a — ± h -T7T 



\dr 



in 



Here, lo c = eB/m* is the cyclotron frequency, I = 
(H/eB) 1 / 2 is the radius of the ground cyclotron orbit, 
and V*(r) — ^m*tu 2 r 2 + V c (r) is the effective trapping 
potential. It should be noted that the solution of Eq. 
(0) does not depend on 9, because the eigenfunction and 
eigenvalue can be obtained, in principle, by solving 



[(H - E) 2 + H + H^(r) = 0, 



(3) 



where i = 1,2. Eq. © is a 4th-order differential equa- 
tion. To the best of our knowledge, there is no simple 
and analytical solution to this equation. In this paper, 
we therefore attempt a tractable approach to solve the 
problem. 

For the case of a parabolically confined quantum dot, 
we have the confining potential V c (r) = m*ui 2 r 2 /2 where 
Cl>o is the characteristic frequency of the confinement. 
For convenience, we define f2 = y/ Au 2 + lu 2 and a = 
(2Ti/m*VL) 1 / 2 . After setting r 2 = ax and assuming 
ipi(r) = e~ x / 2 x\ m \/ 2 Ci(x), Eq. J2| readily becomes 



ho + £ —e 
e i6 h- ho - 



-S 



Cx{x) 
C 2 (x) 



0. 



(4) 



Here, ho = xd 2 jdx 2 4- (|m| 
A a ^[d/dx+(\m\±m)/2x~{l~ 
muj c /2tt - (\m\ + l)/2, and A a 



- x + l)d/dx 7 h± = 
-cj c /n)/2], g = E/M l- 
= {a/K)y/2m*/hQ,. In 



this paper, we are interested in finding the energy spec- 
trum of a quantum dot in the presence of the SOI and of 
a magnetic field. We assume that the electron wavefunc- 
tions are in the form 



Cx{x) 



E 

N=0 



Cm.Af^iv \x) 



and 



C 2 (x)=J2 D m,NL^( X ) 



N=0 
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with L^(x) being the associated Laguerre polynomial. 
Thus, introducing Ci{x) into Eq. Q and carrying out the 
normalization, we obtain two coupled equations which 
determine the energy E and the coefficients C m _N and 

(E - E m>N )C m ^ N — A a hQ I^, N D m+ i tN i /2 = 0, (5) 
and 

(e - E^ tN )D m>N + A a nn I+ ltr C m - ltN >/2 = 0, (6) 

where E^ N = mfkJ c /2+(2N+\m\+l)m/2is the energy 
of a parabolically confined quantum dot in the absence 
of SOI, 

In'N = ( w * + tyN^N - ( w * - 1)8n',n-i 

when m > 1 for I^i N and m < for I^, N and, otherwise, 

I± N = (u*-l)(N+\m\+l)8 N ,, N -(u*+l)(N+l)8 N , tIf+ i, 

with cu* = u> c /n. These results suggest that the SOI in 
a quantum dot can result in band-mixing and shifting. 
Using sequence relations given by Eqs. J5J and ©, the 
electron energy E as well as the coefficients C m ,N and 
D m ,N can be determined. 

III. NUMERICAL RESULTS AND DISCUSSION 

In the present study, we examine the dependence of the 
energy levels and the occupation of electrons to different 
states on the strength of the SOI and of the magnetic 
field in a few-electron quantum dot system. We take 
the Rashba parameter to be a ~ (3 — 4) x 1CU 11 eV-m, 
in conjunction with recent experimental data realized in 
InAlAs/InGaAs heterostructures 0,0] • The size effects 
of the dot are also considered. For weakly and strongly 
confined dots, we take the typical values of the confining 
potential as V c = Tuoq = 1 meV and 10 meV, respectively. 
The condition of electron number conservation is applied 
to determine the Fermi energy of the system. For demon- 
stration of how electrons occupy to the different energy 
levels in the presence of SOI, we assume there are ten 
electrons in the dot. Moreover, in the present study the 
effect of the SOI on lifetimes of an electron in different 
states is not taken into consideration |2l|. The inclusion 
of the many-body effects induced by Coulomb interac- 
tion in a quantum dot is a higher order effect to affect 
the energy spectrum, although the Coulomb interaction 
can result in an exchange enhancement which may affect 
the results qualitatively • Below, we discuss the ef- 
fect of the SOI on energy levels of the low-lying states 
at zero and non-zero magnetic fields. For convenience 
of the discussion, we label the energy states with quan- 
tum numbers {N, m,Xs}, where Xs = d or I {Xs = u or 
|) referring to the down (up) spin branch of the energy 
states. 



When a perpendicular d.c. magnetic field is applied 
to a quantum dot, the nature of spin-dependent energy 
spectrum can become even richer in terms of physics due 
to the coupling of the magnetic field to the confining po- 
tential of the quantum dot and to the potential induced 
by SOI. It should be noted that in the present study, in 
order to examine the net contribution to the energy spec- 
trum of a dot from the SOI, we have neglected the effects 
induced by the Zeeman splitting. In Figs. ^and[3]we plot 
the low-lying energy levels as a function of the Rashba 
parameter for different magnetic fields B = 1 T and 3 T, 
respectively, at a fixed quantum dot confinement V c = 1 
meV. In the absence of the Zeeman splitting, the SOI in- 
duced by the Rashba effect at finite magnetic field can lift 
the magnetic degeneracy of electrons. Namely, the states 
with the ±|m| number can have different energies. We 
find that in this situation, the occupancy of electrons to 
different states has some unique features. On one hand, 
the presence of the magnetic field can increase the energy 
gaps among the states with the quantum number (N, m). 
Thus, similar to a strongly confined dot, the magnetic 
field may increase the critical value a c above which the 
system is fully spin-polarized. This effect can be seen at a 
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a (10 11 eV-m) 

FIG. 1: Energy of Low- lying levels vs the Rashba parameter 
at B=l T and 14=1 meV. The presence of the magnetic field 
reduces the spin polarization and a fully spin-polarized ten- 
electron dot is achieved at a > a c ~ 7.25 x 10 -11 eV-m. 
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a (10 " eV-m) 



FIG. 2: Energy of low-lying states vs a at B=3 T and V c =l 
meV. In the lower panel, the {0, — m, IT} states are assembled 
in different groups and the dashed line refers to the energy 
of the {0, 0} level. A fully spin-polarized ten-electron dot is 
achieved at a > a c ~ 6.75 x 1CF 11 eV-m. 



relatively low- B- field (see Fig. where a c ~ 7.25 x 10~ n 
eV-m is found. On the other hand, when the magnetic 
field predominates the electronic energy spectra, the en- 
ergy states with the negative magnetic quantum number 
to and the spin-down branches are more preferable for an 
electron to stay. As a result, the presence of a B-field can 
increase the spin-polarization of a quantum dot. This ef- 
fect is more pronounced in the presence of a higher mag- 
netic field (see Fig. where a c ~ 6.75 x 1CT 11 eV-m) 
so that the states with positive quantum number to and 
spin-up orientation have higher energies relative to the 
{0, — |m|, 1} states. Furthermore, after comparing the a c 
values obtained in Figs. Q]and|21 we note that the pres- 
ence of the magnetic field can result in a lower value of 
a c and, consequently, the stronger spin-polarization can 
be achieved in a dot in the presence of the SOI and of a 
magnetic field. 

In Figs. |3 we show the spectra of low-lying states 
as a function of the magnetic field at a fixed Rashba 
parameter a = 1CP 11 eV-m for a weakly confined dot 
V c = 1 meV. We find that in such a case, because a 
is relatively small, the electronic subband energy in the 
high-B field regime is mainly determined by the strength 



of the magnetic field through E ~ mhui c /2 + (2N+ \m\ + 
l)hft. The energy spectra at low-B fields differ slightly 
from this dependence (see the insert in Fig. (5J. Thus, 
similar to a spin-degenerate quantum dot, in the high- 
B field regime the energy of a state {N, m, J.|} increases 
with B field and levels with positive magnetic quantum 
number m > are always higher than those with negative 
to < 0. The results shown in the insert in Fig. [^indicate 
that the cross-over of the energy states with different 
N numbers occurs when B < 1.5 T. When B > 2 T, 
these states can be assembled to the energy groups of E 
~ 14, 42, 70, 96, 124 meV, etc., corresponding to the 
states with different A" numbers (see captions in Fig. |2J, 
and these states are affected weakly by the SOI. In the 
presence of very high magnetic fields (B ^> 2 T in Fig. [3Jl, 
the effects of the SOI and the confinement of the dot can 
be largely suppressed and the energy levels are therefore 
determined mainly by En ~ (N + l/2)hui c . Although 
the effect of SOI induced by Dresselhaus splitting is not 
included in the present study, these features enable us 
to compare qualitatively our results with those obtained 
by Voskoboynikov 23]. Our analyses give an explicit 
expression of energy levels and our results clearly show 
the effects of SOI on energy spectra for different sizes of 
quantum dots. 

For case of a strongly confined dot with V c = 10 meV, 
the B-field dependence of the energy levels are shown in 
Fig. 0| at a fixed a = 10~ n eV-m. From this figure, we 
see clearly that spin-up and -down levels with the same 
(N, to) number are in pairs, where the energy difference 
between the up and down states is determined mainly by 
the confinement potential and the strength of the SOI. 
It can be seen further from Fig. 0]that in the presence 
of SOI, a magnetic field still plays a role in lowering the 
energies of those states with negative to numbers. These 
levels lowered by the magnetic field are known as the 
Fock-Darwin [2 H3 levels and their basic features are 
not affected significantly by the SOI. 

The results shown in Fig. [21 and suggest that at rela- 
tively high-B fields so that A a <C 1, the effect of SOI on 
energy spectrum of a quantum dot can be neglected. For 
case of a weakly confined dot, free electron ( Landau-) |26| 
type levels can be used to describe the energy spectra of 
the system. When the cyclotron energy is larger than the 
confining potential of a dot, there is a hybridization of 
the Landau levels from the spatial confinement. 



IV. CONCLUDING REMARKS 

In this paper, we have examined how the Rashba SOI 
affects the energy levels of a parabolically confined quan- 
tum dot. A non-perturbative approach to deal with SOI 
in a quantum dot has been developed. The main theo- 
retical results obtained from this study are summarized 
as follows. 

In the presence of a perpendicular magnetic field, we 
enter a regime with different competing energies, where 
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FIG. 3: Dependence of the energy levels on the strength of 
the magnetic field at a fixed confinement V c = 1 meV and a 
fixed a = 10" 11 eV-m. Here Ex, E 2 , and E 3 groups include 
respectively the states with {0, (0, — |m|), J,f }, {1, — \m\, jf"} 
and {N + m = l,N + m = l,in, and {iV = 2, (0, -\m\), it} 
and {N + m = 2,N + m = 2, ||}. The higher index groups 
can be generated via the rule of the least sum of the quan- 
tum numbers. The insert shows the results obtained at low-B 
fields. 

magnetic potential, confining potential of the dot and 
potential induced by the SOI are coupled. As a result, the 
presence of the magnetic field can result in much richer 
features of the spintronic properties in a quantum dot. 
The energy spectra and the value of a c in a dot depend 
strongly on the strength of the magnetic field. In different 
B-field regimes, the energy levels of spin-modified states 
have different dependence of the magnetic field. 

We have fo und that a coeffici ent A a = 
(a/h)- s /2m*/m with Q = yfu 2 c + plays a role 
in switching the SOI. When A a » 1 a strong effect of 
the SOI on energy levels can be observed, whereas the 
effects of SOI can be neglected when A a <C 1. Thus, (1) 
the strong spin polarization can be achieved in a weakly 
confined dot at zero and non-zero magnetic fields; (2) 
the characteristics of the Fock-Darwin scheme and the 
Landau type levels are revealed when the magnetic field 



is strong enough; and (3) the effective SOI in the system 
decreases with increasing magnetic field and confining 
potential of the dot. 




B(T) 

FIG. 4: Magnetic field dependent level scheme with V c = 10 
meV ata= I xfO" 11 eV-m. The magnetic field induced en- 
ergy gaps characterize the level assembles. The energy levels 
are just Fock-Darwin states with Rashba SOI. 



On the basis that the energy levels in spin-degenerate 
quantum dot systems have been well studied using op- 
tical and optoelectronic measurements, we believe these 
experimental techniques can also be used to examine the 
energy spectra of a quantum dot with SOI. We therefore 
hope that the theoretical results obtained in this study 
can be verified experimentally. 

Although the present work deals with single-particle 
properties of a quantum dot in the presence of SOI, some 
many-body effects induced by Coulomb interaction can 
be investigated on the basis of these results. For example, 
using the energy spectrum and wavefunction obtained 
from this study, we can calculate the collective excitation 
modes and fast-electron optical spectrum using, e.g., a 
random-phase approximation |27l | . However, for the case 
of a spin-split quantum dot, these further studies require 
numerical calculations considerably and we therefore do 
not attempt them in the present work. 
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